We characterize the smallest minimal blocking sets of Q(6, q), q even and q 32. We obtain this result using projection arguments which translate the problem into problems concerning blocking sets of Q(4, q). Then using results on the size of the smallest minimal blocking sets of Q(4, q), q even, of Eisfeld, Storme, Szőnyi and Sziklai [3] , and results concerning the number of internal nuclei of (q + 2)-sets in PG(2, q), q even, of Bichara and Korchmáros [1], we obtain the characterization.
Introduction and definitions
A (finite) generalized quadrangle (GQ) is an incidence structure S = (P, B, I) in which P and B are disjoint non-empty sets of objects called points and lines (respectively), and for which I⊆ (P × B) ∪ (B × P) is a symmetric point-line incidence relation satisfying the following axioms:
(i) Each point is incident with 1 + t lines (t 1) and two distinct points are incident with at most one line.
(ii) Each line is incident with 1 + s points (s 1) and two distinct lines are incident with at most one point.
(iii) If x is a point and L is a line not incident with x, then there is a unique pair (y, M ) ∈ P × B for which x I M I y I L.
The integers s and t are the parameters of the GQ and S is said to have order (s, t). If s = t, then S is said to have order s. If S has order (s, t), then it follows that |P| = (s+1)(st+1) and |B| = (t+1)(st+1).
(see e.g. [8] ). The dual of a GQ S = (P, B, I) is the structure S D = (B, P, I). It is again a GQ. One of the classical examples of a GQ is the non-singular parabolic quadric Q(4, q) in PG (4, q) . A well-known fact about this GQ is that it is self-dual when q is even [8, 3.2.1] .
A spread of a GQ of order (s, t) is a set S of lines which partition the point set of the GQ. A spread contains 1 + st lines. A cover is a set of lines such that every point lies on at least one line of the cover. A cover contains 1 + st + r, r 0, lines. A cover C is called minimal if for every line L ∈ C, C \ L is not a cover or, equivalently, if on any line L ∈ C there is a point p such that L is the unique line of C passing through p. A point is called a multiple point or an excess point of C when it lies on at least two lines of C. The excess of a point is the number of lines of C passing through this point, minus one. The weight of a line with respect to a given cover is the minimum of the excesses of the points belonging to this line.
Let Q(2n, q) be the non-singular parabolic quadric in PG(2n, q). An ovoid of the polar space Q(2n, q) is a set of points O such that every maximal singular subspace (or generator) of Q(2n, q) intersects O in exactly one point. For Q(4, q), the generators are lines and for Q(6, q), the generators are planes. A blocking set of the polar space Q(2n, q) is a set of points K such that every generator intersects K in at least one point. If O is an ovoid of Q(2n, q), then O has size q n + 1. It is known that Q(4, q) always has an ovoid [8] , while Q(6, q) has no ovoid if q is even [10] . So if K is a blocking set of Q(2n, q), q even, n 3, then K has size q n + 1 + r, with r > 0. A blocking set K is called minimal if for every point p ∈ K, K\{p} is not a blocking set, or equivalently, if for every point p ∈ K, there is a generator α such that α ∩ K = {p}. A multiple line is a line of Q(2n, q) which contains more than one point of the blocking set. The excess of a multiple line of Q(2n, q) is the number of points of the blocking set on this line minus one. The notions of ovoid and (minimal) blocking set of a GQ are defined similarly.
It is known that if p is a point of Q(6, q) and α is the tangent hyperplane of Q(6, q) at the point p, then α ∩ Q(6, q) = pQ(4, q), a singular quadric with vertex p and base Q (4, q) . This tangent hyperplane is often denoted by T p (Q(6, q)). If K is an ovoid or blocking set of Q(6, q) and p ∈ K, then p projects K ∩ α on an ovoid or blocking set of the base Q(4, q).
The smallest known examples of blocking sets on Q(6, q) are constructed as follows. Consider a tangent hyperplane T p (Q(6, q)). Consider q 2 + 1 lines on p meeting the base of the cone T p (Q(6, q)) ∩ Q(6, q) in an ovoid. On every such line there are q points different from p. Define K as the set of these q(q 2 +1) = q 3 +q points, then K is a minimal blocking set of Q(6, q).
Our goal is to prove that these are indeed the smallest examples of blocking sets on Q(6, q), q even, q 32.
Basically, we proceed as follows. Let K be a minimal blocking set of Q(6, q), q even, |K| q 3 + q, q 32. We show that multiple lines to K must contain many points of K. Here, many means first of all that a multiple line to K contains at least √ q + 1 points of K. This is obtained by using a result on minimal blocking sets of Q(4, q), q even, of Eisfeld, Storme, Szőnyi and Sziklai [3] . Then a result of Bichara and Korchmáros [1] is used to show that multiple lines contain at least (q + 10)/6 points of K.
Finally, an alternative representation of Q(4, q) as a GQ T 2 (O), with O a conic, is used to show that secants contain at least q − 1 points of K. Then a final argument gives the characterization result.
In the second section we will state and prove some technical results about Q(4, q) which enable us to use the strategy described in the preceding paragraph.
In the third section, relying on the results of section 2, we will use projection arguments to prove the following characterization result.
Theorem 1 Let K be a minimal blocking set of Q(6, q), q even, |K| q 3 + q, q 32. Then there is a point p ∈ Q(6, q) \ K with the following property: T p (Q(6, q)) ∩ Q(6, q) = pQ(4, q) and K consists of all the points of the lines L on p meeting Q(4, q) in an ovoid O, minus the point p itself, and |K| = q 3 + q.
This latter result contributes to the study of blocking sets in the finite classical polar spaces, on which recently a lot of work has been done. For a survey on the recent results on this topic, we refer to [6] .
To conclude this introduction, we wish to mention that recently, independently, K. Metsch solved the problem on the smallest minimal blocking sets of W(2n + 1, q), n 2, q even, completely using a different method (see [5] ). Since W(2n + 1, q), q even, is isomorphic to Q(2n + 2, q), q even, this result also gives the complete characterization of the smallest minimal blocking sets of Q(2n + 2, q), q even, n 2.
Theorem 2 (Metsch [5] ) Every set of points of W(2n + 1, q) that meets all generators has at least q n+1 + q n−1 points. Equality can only occur for even q and then the set consists of the points outside the vertex of a cone with a vertex of dimension n − 2 over an ovoid in a W(3, q).
Technical results for Q(4, q)
In this section we will present and prove some results about blocking sets of Q(4, q) which are needed to prove the main results in section 3. The results presented in this section are generalizations of results found in [3] . Before we proceed we need to introduce some concepts.
Definition 1 A blocking set in PG(2, q) is a set of points such that each line of PG(2, q) is incident with at least one element of the set. A blocking set is called trivial if it contains a line of PG(2, q).
It is known (see e.g. [4] ) that for a non-trivial blocking set B, |B| q + √ q + 1 holds, and equality occurs if and only if q is a square and B is a Baer subplane of PG(2, q).
The definition of blocking sets in PG(2, q) can be generalized to blocking sets in arbitrary projective spaces PG(N, q), N > 2. Here, a blocking set B in PG(N, q) is a set of points intersecting every hyperplane of PG(N, q). A blocking set containing a line is called trivial ; otherwise it is called non-trivial. By a result of Bruen [2] , the smallest non-trivial blocking sets in PG(N, q), N > 2, are equal to the smallest non-trivial blocking sets in a plane PG(2, q).
It is clear that the concepts of spreads, covers and minimal covers of GQ's are the dual of the concepts ovoids, blocking sets and minimal blocking sets of GQ's respectively. Hence if we prove results about covers of a GQ, and the GQ is self-dual, then we also proved the dual results for the GQ. This is particularly the case for Q(4, q), which is self-dual if q is even.
Definition 2 Let L be a collection of lines of an arbitrary space, where each line is assigned a positive integer, called its weight. The set of points which lie on at least one element of L is called the sum of the lines L. Furthermore, the weight of a point p in the sum of lines L is the sum of the weights of the lines passing through p.
An important result of [3] is the following theorem. The result we present is stated more generally in the article, but to avoid more definitions we state the particular result for Q(4, q).
Theorem 3 Let C be a minimal cover of Q(4, q). Let |C| = q 2 + 1 + r, with q + r smaller than the cardinality of the smallest non-trivial blocking sets in PG(2, q). Then the multiple points form a sum of lines, contained in Q(4, q), where the weight of a line in this sum is equal to the weight of this line with respect to the cover, and with the sum of the weights of the lines equal to r.
The preceding result was one of the key arguments used by Eisfeld, Storme, Szőnyi and Sziklai [3] to obtain the following result on blocking sets of Q(4, q), q even. We will prove an adapted version of Theorem 3.
Lemma 1 Let C be a minimal cover of Q(4, q), |C| = q 2 + 1 + r, 0 < r q − 1. If each multiple point has excess at least √ q, then the set E of multiple points is a sum of lines, with the sum of the weights of the lines equal to r.
Proof.
Denote by e(p) the excess of a point p. Counting the points according to their excess, we find |E| = r(q+1). Every hyperplane of PG(4, q) intersects E in r mod q points, since |C| ≡ 1+r mod q, every hyperplane intersects Q(4, q) in 1 mod q points and every hyperplane intersects a line of C in 1 mod q points.
Suppose that π is a plane of PG(4, q), π∩E = ∅, and suppose that π 1 , . . . , π q+1 are the q+1 hyperplanes on π. Since |π i ∩E| ≡ r mod q, put
Suppose that p ∈ E, where e(p) = k is the minimal excess of a point of E. Necessarily k √ q. It is clear that |{x∈E}| e(x) = r(q + 1) |{x∈E}| √ q. Hence the number of points of E, not counted according to their excess, is at most √ q(q + 1). We can find a plane π on p only sharing p with E.
Suppose that again π 1 , . . . , π q+1 are the q + 1 hyperplanes on π. Put again
, and π is a plane such that π ∩ E = ∅, then |π i ∩ E| = r, hence every plane of π i contains at least one point of E, or π i ∩ E blocks every plane of π i . Since q + 1 |{x ∈ E ∩ π i }| q + √ q, π i ∩ E contains a line (see Definition 1 or [2] ), necessarily on p, since π only shares p with E. We prove by induction on the excess of the multiple points of E that there is a line in E on every point of E. As induction hypothesis we suppose that on all points of E with excess at most k lies a line completely in E. Suppose then that p is a point with minimum excess k > k. As above, there is a plane π such that E ∩ π = {p}; the same counting as above proves the existence of a hyperplane π i ⊃ π such that q + r |π i ∩ E| r + k q. Again, π i ∩ E must block all planes in π i . If a line of E lies in π i , then it must be a line on p; hence we can suppose that the lines contained in E having points of weight at most k in π i intersect π i in one point. If N is the number of distinct points of π i of excess at most k, then N points of excess at least √ q are lying on a line in E, intersecting π i in exactly
, we must have r N √ q, which we will prove in the next paragraph. Working further with the above inequality, we find |{x ∈ E ∩ π i }| q + √ q − 1 + N/( √ q + 1). In the next paragraph we also prove that the number of lines contained in E is at most (q − 1)/ √ q √ q; so |{x ∈ E ∩ π i }| q + √ q. As in the preceding paragraph, π i ∩ E blocks every plane of π i , hence π i ∩ E must contain a line, and since π ⊂ π i only shares p with E, this line must pass through p.
We will now prove that the condition r N √ q holds. Suppose that L and M are two lines of E, where k is the minimal excess of the points of L, and where k is the minimal excess of the points of M . Suppose that L ∩ M = {t}. Suppose that e(t) = k + k − s, s > 0. We can find a plane π only sharing t with E (as in the first paragraph). We know from the second paragraph that
. . , q + 1) are the q + 1 hyperplanes on π. Now L, π contains q + 1 points with excess at least k. Hence | L, π ∩ E| kq + r and | M, π ∩ E| k q + r, which implies
We conclude e(t) k + k . Hence every line gives rise to at least √ q(q + 1) of the total excess r(q + 1) q 2 − 1, which implies that at most (q − 1)/ √ q < √ q lines are contained in E and N √ q r.
In the last paragraph we show by induction that E is a sum of lines. Suppose that E consists of one line L, and suppose that the minimal excess of a point on the line is k. If we remove the line k times, then a set E of excess (r − k)(q + 1) remains. But if a point has excess k > k, repeating the previous arguments, we find a hyperplane π i with at least q +1 distinct points of E , since this hyperplane intersects E in a blocking set in π i ; but the only points of E are the points of one particular line; so every point of L still has positive excess. So every point of L has excess larger than k. We conclude the weight of L is r. Suppose now that the result is true if E would consist of s distinct lines and suppose that E consists of s + 1 distinct lines. As above, look for the minimal excess k of a point of E. Consider a line L through this point lying in E and remove k from the excess of every point on L. If a point p on L has positive excess larger than k, then it lies on a second line in E. Namely, from the standard arguments, for the remaining set E , we can find a hyperplane π i through a plane π with π ∩ E = {p}, sharing at least q + 1 points with E ; this means that the remaining points must form a blocking set in π i . Since we can describe E as a union of at most √ q lines; a complete line L of E must lie in π i , this line L must pass through p; so p lies on a second line L ; and then e(p) k + k with k the minimal excess of the points of L . So if we remove k(q + 1) from the total excess of E by removing k from the excess of every point of L, the remaining set E has size (r − k)(q + 1) (counting the points according to their excess), and every point still has excess at least √ q, so by the induction hypothesis E is a sum of lines. Since E = E ∪ {L}, E is a sum of lines with the sum of the weights of the lines equal to r.
To prove one of the next lemmas, we use a result of Bichara and Korchmáros [1] . We first give a definition.
Definition 3
Let Ω be a (q + 2)-set in a projective plane. A point p ∈ Ω is an internal nucleus of Ω if every line on p contains exactly two points of Ω.
Theorem 5 (Bichara and Korchmáros [1] ) If S is a (q + 2)-set in PG(2, q), q even, and if S has r internal nuclei, r > q/2, then every point of Ω is an internal nucleus.
Definition 4
Suppose that C is a cover of Q(4, q). A line L of Q(4, q) is called a good line if L ∈ C and L contains no multiple points of C.
Lemma 2 A cover C of Q(4, q) of size q 2 + 1 + r, 0 r q, always has a good line.
Proof. There are q 2 + 1 + r lines in C and at most r(q + 1) distinct excess points; all lying on at most q − 1 lines not in C. So there are at most r(q + 1)(q − 1) + q 2 + 1 + r lines of Q(4, q) which are not good.
For 0 r q, this number is smaller than the total number of lines of Q(4, q), so for 0 r q, the cover C has at least one good line.
Lemma 3 A minimal cover of Q(4, q), q even, of size q 2 + 1 + r, having only points of positive excess at least √ q satisfies r (q + 4)/6.
Proof. Let L be a good line of C and let M 1 , . . . , M q+1 be the lines of C intersecting L. Define L ⊥ as the plane L, n , with n the nucleus of Q(4, q).
. . , q + 1, define a (q + 2)-set S in the quotient geometry ∆ of L. There are q 2 + q + 1 3-spaces on L, q + 1 of them are tangent hyperplanes, so there are
Consider a tangent hyperplane α on L. It contains exactly one line M i . So every line in ∆ on the point L ⊥ contains exactly the two points L ⊥ and L, M i of S. Consider now the q 2 3-spaces α for which α ∩ Q(4, q) = Q + (3, q). Count the number of pairs (M, Q) for which M ∈ C \ {L} and Q is a hyperbolic quadric on L and M .
. We find q(q + 1) + q 2 + r − q = 2q 2 + r pairs. Since there are q 2 Q + (3, q) on L, each one must contain exactly 2 lines of C, except for at most r, which contain at least 3 lines of C. So at least q + 2 − 3r elements of S are internal nuclei of S since at most 3r elements of S lie on a line in ∆ defining a Q + (3, q) through L with at least three lines M i . Suppose that q + 2 − 3r > q/2, then by Theorem 5, every point of S is an internal nucleus of S, meaning that S has only 0-and 2-secants. So if L is a good line and r < (q + 4)/6, then the hyperbolic quadrics of Q(4, q) on L always contain 0 or 2 lines of C intersecting L.
Since r q − 1, the multiple points of C form a sum of lines, with the sum of the weights of the lines equal to r (Lemma 1). Every line has weight at least √ q. Let N be a line of this sum. Then N ∈ C since C is minimal; N , having weight k, is intersected by at least (k + 1)(q + 1) lines of C with k √ q.
Interpreting N ⊥ and the planes N, M , with M a line of C intersecting N , in the quotient geometry ∆ of N , we define a set S , now of size at least (k + 1)(q + 1) + 1. Consider a line of ∆ not containing N ⊥ , but containing at least 3 points of S . This line defines a hyperbolic quadric of Q(4, q) through N and containing at least 3 lines N 1 , N 2 , N 3 of C intersecting N . The regulus of this hyperbolic quadric containing N cannot contain a good line, since otherwise the hyperbolic quadric cannot contain 3 lines of C; so every line of that regulus must either belong to C or must contain multiple points. Since N 1 ∈ C, every line of the regulus of N belonging to C has a multiple point. Since the multiple points form a sum of lines L, with the sum of the weights of the lines equal to r < (q + 4)/6, there are at most √ q/6 distinct lines in that sum. Hence the previous situation is only possible if a line N of this sum intersects N and lies on this hyperbolic quadric. So the solids of hyperbolic quadrics of Q(4, q) through N containing at least 3 lines of C intersecting N must pass through one of at most √ q/6 planes through N . Define S as the set of points in ∆ which correspond with the planes N, N and N ⊥ , N ∈ L, |L| √ q/6; then |S | √ q/6 + 1. A line of ∆ not on N ⊥ containing at least 3 elements of S must pass through one of the points of S \ {N ⊥ } and since there are lines of ∆ on N ⊥ containing more than 2 points of S , all lines in ∆ containing at least 3 points of S pass through a point of S .
There are at least (q + 1)( √ q + 1) lines intersecting N defining at least (q + 1)( √ q + 1) points of S .
Consider a point p of S different from N ⊥ . Suppose that n lines on p contain one other point p i of S . Consider all the points p 1 , . . . , p n , p, and the at least (q + 1)( √ q + 1) − (n + 1) points of S \ {p 1 , . . . , p n , p}.
Those points must lie on at most √ q/6 + 1 lines through the points of S , a contradiction. We conclude r (q + 4)/6.
For the next lemma we need another characterization of Q(4, q).
Definition 5 A k-arc of PG(2, q) is a set of k points of PG(2, q) for which no three points are collinear. A k-arc is complete if it is not contained in a (k + 1)-arc. An oval of PG(2, q) is a (q + 1)-arc.
If q is odd, ovals are the non-singular quadrics of PG(2, q) and there are no (q + 2)-arcs. If q is even, non-singular conics are ovals but there are other examples of ovals different from conics if q 8.
Given an arbitrary oval O in PG(2, q), we define a GQ of order q, called T 2 (O).
Embed PG(2, q) as a hyperplane in PG(3, q). Define points as (i) the points of PG(3, q) \ PG(2, q),
(ii) the planes X of PG(3, q) for which |X ∩ O| = 1, and (iii) one new symbol (∞).
Lines are defined as (a) the lines of PG(3, q) which are not contained in PG(2, q) and meet O (necessarily in a unique point), and (b) the points of O.
We will always denote lines of type (b) by [p], p ∈ O. Incidence between points of type (i) and (ii) and lines of type (a) and (b) is the inherited incidence of PG(3, q). In addition, the point (∞) is incident with no line of type (a) and with all lines of type (b).
It is known that if O is a conic in PG(2, q), T 2 (O) ∼ = Q(4, q) (e.g. [8] ). For the next two lemmas, we use this characterization of Q(4, q). We denote the plane containing O with π.
Lemma 4
Suppose that C is a minimal cover of Q(4, q) ∼ = T 2 (O) of size q 2 + 1 + r, 0 < r < q, for which there is a line L not in C such that every point of L lies on r + 1 lines of C, but all other points of T 2 (O) lie on one line of C, then (r + 2)|q or r = q − 1. Since r < q − 2, there are other points p i than p 0 and p q such that [p i ] ∈ C. There are q + q(r + 1) lines of type (a) of C on p q and p 0 , so q 2 + 1 + r − (r + 1) − q − q(r + 1) = q 2 − q(r + 2) lines of type (a) of C are intersecting α in exactly one point of type (i). Hence q(r + 2) points of α must be covered by lines on p 0 or p q in α, so each plane on p q p 0 different from π contains exactly r + 2 lines on either p q or p 0 since the only multiple points are points of type (ii) and (∞). So it is possible to partition the q lines of C through p q into sets of size r + 2; so (r + 2)|q and the lemma follows.
Lemma 5 Under the same conditions as in the previous lemma, r q/2 − 2 is impossible.
Proof. We now assume that L is a line of type (a), so (∞) has excess 0 and C contains exactly one line of type (b), [p 0 ]. Denote by L the line of type (a) such that every point on it lies on r + 1 lines L 1 , . . . , L r+1 of C; L ∈ C. By the transitivity of the stabilizer group of Q(4, q) on the points, we can assume that the line of C passing through (∞) does not intersect L, then p 0 ∈ L. Suppose that p 1 ∈ L ∩ O. Then one tangent plane on p 1 lies on r + 1 lines of C, the other q − 1 tangent planes lie on one line of C, so there are (q − 1) + r + 1 = q + r lines of type (a) of C on p 1 . The other points p 2 , . . . , p q of O lie on q lines of type (a) of C. Consider the point p 2 and all planes different from π on it. A tangent plane on p 2 lies on exactly one line of type (a). A plane α, α = π, on p 2 , p 0 is intersected in a point of type (i) by q 2 + r − q lines of type (a) of C, so there are at least q − r > 0 points of type (i) not covered by those lines; at most r + 1 of those lines intersect α in the point α ∩ L; so at most q points of type (i) of α are not covered by those lines and hence α must contain exactly one line of type (a) of C. A plane α, α = π, on p 2 , p i , i = 3, . . . , q, is intersected in a point of type (i) by q 2 + r − 2q lines of type (a) of C. As in the previous case, there are now between 2q and 2q − r points of type (i) not covered by those lines; so two lines of C lie in the plane α. It is possible that these 2 lines both lie on p 1 or on p 2 . If one line lies on p 1 and the other on p 2 , they intersect in α ∩ L. A plane α, α = π, on p 1 , p 2 different from p 2 , L is intersected by exactly q 2 + r − q − (q + r) = q 2 − 2q lines of type (i) of C. Since L ∩ α = {p 1 }, these lines intersect α in different points, hence exactly two lines of C either on p 1 or p 2 lie in α. Finally we consider the special plane p 2 , L . There are 2q + r lines of type (a) of C on p 1 and p 2 . In the q − 1 planes on p 1 , p 2 different from π and p 2 , L lie exactly 2 lines; so r + 2 lines remain in p 2 , L . Since the intersection points must lie on L these lines pass either on p 1 or p 2 . Suppose that the r + 2 lines pass on p 2 . Consider the quotient geometry ∆ of p 2 (with relation to PG (3, q) ). The q lines of type (a) of C on p 2 together with the tangent line to O in the point p 2 and the line p 2 , p 0 define a set S of q + 2 points in ∆. All lines of ∆ intersect S in 0, 1 or 2 points, except for one line M (the line corresponding with p 2 , L ); M intersects S in r + 2 points s 1 , . . . , s r+2 . Define S = (S \ M ) ∪ {s 1 }, then S is a (q − r + 1)-arc which can be extended in r + 1 ways to a (q − r + 2)-arc. If r q/2 − 2, then q − r + 1 q − (q/2 − 2) + 1 q/2 + 3. A (q/2 + 2)-arc in PG(2, q), q even, can be extended in a unique way to a complete arc [4, Cor. 10.3] . Hence S must be a (q + 2)-arc and the plane p 2 , L contains r + 2 lines of C on the point p 1 , since all lines in ∆ must intersect S in 0 or 2 points. Since we can repeat the arguments for all the points p 2 , . . . , p q , we conclude that all the planes p 2 , L , . . . , p q , L contain r + 2 lines of type (a) of C on p 1 . So (q − 1)(r + 2) ≤ q + r which is impossible.
The main results
In this section we prove Theorem 1. For the first few lemmas we suppose that K is a minimal blocking set of Q(6, q), |K| = q 3 + 1 + r, r < q.
Lemma 6
If p is a point of Q(6, q), p ∈ K, then |T p (Q(6, q)) ∩ K| 1 + r.
Proof. Since K is minimal, there exists a plane π on p such that π ∩ K = {p}. Consider π. On the q 2 lines of π not on p, there are q planes of Q(6, q) different from π. Every one of the q 3 planes needs to be blocked by a point of K \ T p (Q (6, q) ). None of the points s of K \ T p (Q(6, q)) is double counted since these planes intersect π in a line not through s. Hence there is only a margin of r + 1 points for T p (Q(6, q)).
Corollary 1 Every plane of Q(6, q) contains at most 1 + r points of K.
Proof. Suppose that π ∩ K = {p 1 , . . . , p n }. Since |T p1 (Q(6, q)) ∩ K| 1 + r, |π ∩ K| 1 + r.
Lemma 7
If p ∈ Q(6, q) \ K, then p projects the points of T p (Q(6, q)) ∩ K onto a minimal blocking set of Q(4, q).
Proof. Consider a point p ∈ Q(6, q) \ K. Then T p (Q(6, q)) intersects Q(6, q) in a singular quadric with vertex p and base a Q(4, q) in a hyperplane of T p (Q (6, q) ). It is clear that the lines of Q(6, q) on p and a point of K meet Q(4, q) in a blocking set B. Suppose that B is not minimal. Then there is a point s ∈ B such that every line of Q(4, q) on s contains another point of B. But B is the projection of T p (Q(6, q))∩K. If p projects s ∈ K on s, then there are q + 1 planes on p, s containing at least one other point of K, hence |T s (Q(6, q)) ∩ K| > 1 + q, a contradiction. We conclude that B is minimal.
Lemma 8 If q is even, q
32, and p is a point of Q(6, q), p ∈ K, then p projects the points of
Proof. Suppose that p projects T p (Q(6, q)) ∩ K on B and suppose that q 2 + 2 |B| q 2 + 1 + √ q, then B is not minimal by Theorem 4, hence |B| = q 2 + 1 (and B is an ovoid of Q(4, q)) or |B| > q
¿From now on we suppose that q even and q 32. The next lemma is the first step in showing that lines of Q(6, q) containing at least two points of K contain in fact q points of K. Here we rely on Theorem 4 to prove that multiple lines to K contain more than √ q points of K.
Lemma 9
If L is a line of Q(6, q), then |L ∩ K| = 0, 1 or |L ∩ K| 1 + √ q.
Proof. Suppose that 2
For, if every plane of Q(6, q) on L contained more points of K than L ∩ K, then every point of L ∩ K would contain more than 1 + q points of K in its tangent cone, a contradiction. We count the pairs (u, v) with u ∈ π \ L and v ∈ K \ π and u ∈ T v (Q (6, q) ). Since u ∈ π \ L and |L ∩ K| 2, u cannot project T u (Q(6, q)) ∩ K on an ovoid of Q(4, q), so |T u (Q(6, q)) ∩ K| > q 2 + 1 + √ q > q 2 + |L ∩ K| if |L ∩ K| < 1 + √ q. So we find a lower bound q 2 (q 2 + 1) for the number of pairs. If v is a point of K \ π, then T v (Q(6, q) ) intersects π in a line, so with v correspond q or 0 points of π \L, hence (q 3 +1+r −|L∩K|)q is an upper bound for the number of pairs, and since |L∩K| 2, we can increase the upper bound to (q 3 + r − 1)q. So necessarily (q 3 + r − 1)q (q 2 + 1)q 2 or q 4 + q 2 −4 + q 2 , which is not possible.
Lemma 10
If π is a plane of Q(6, q), then |π ∩ K| = 1 or |π ∩ K| 1 + √ q, and all points of π ∩ K lie on a line of Q(6, q).
Proof. If |π ∩ K| 2, then by the previous lemma, π contains at least √ q + 1 points of K on a line L.
Suppose that π contains another point p ∈ K not on L. There are at least √ q + 1 lines on p containing at least √ q + 1 points of K (the point p included). Hence π would contain at least
Lemma 11 Suppose that p ∈ K. If there is a plane on p containing exactly one point of K, then
Proof. Suppose that π is a plane of Q(6, q) on p containing exactly one point s ∈ K. Consider the q 2 − q lines of π not through s or p. Each line lies in q planes of Q(6, q) different from π. The q(q 2 − q) planes of Q(6, q) on these lines of π are blocked by at least one point of K, so at most q 2 + q points remain for T p (Q (6, q) ). If all planes on p contain at least √ q +1 points of K, then |T p (Q(6, q))∩K| ( √ q +1)(q 2 +1).
Lemma 12
Suppose that π is a plane of Q(6, q) containing at least √ q + 1 points of K on the line L.
Proof. Denote π ∩ K = {s 0 , . . . , s n } (n √ q). If every plane on p contains more than 1 point of K, then also the q + 1 planes on s 0 , p contain more than one point of K while the only point of K they share is the point s 0 . Hence |T s0 (Q(6, q)) ∩ K| > 1 + q, a contradiction. By the previous lemma, |T p (Q(6, q)) ∩ K| q 2 + q.
Consider now a plane π which contains at least
the preceding lemma ensures us that |T p (Q(6, q)) ∩ K| q 2 + q, while p cannot project the points of T p (Q(6, q)) ∩ K on an ovoid of Q(4, q), since the plane π is projected on a line of Q(4, q) containing at least √ q + 1 points of the projected blocking set B. Hence B is the dual of a cover C, |C| = q 2 + 1 + r and C has only multiple points of excess at least √ q. Moreover B is minimal by Lemma 7. Lemma 1
shows that the multiple points of C form a sum of lines with the sum of the weights of the lines equal to r and from Lemma 3, it follows r (q + 4)/6. For the next lemma we use the fact that the multiple points of C form a sum of lines. For the blocking set B this means the following. There exist some points (possibly one), such that all lines on a point are multiple lines, i.e. lines containing more than one point of the blocking set. (We call this a sum of pencils). Since B is minimal, such a point does not belong to B. Call all the lines on such a point a pencil. The weight of the pencil is then the minimum number of points of B a line of the pencil contains minus one. The sum of the weights of the pencils is equal to r. We now present a lemma which already starts indicating that K must look like a cone over an ovoid of Q(4, q).
Lemma 13 There exists a point not in K only lying on q 2 + 1 lines each having at least √ q + 1 points of K, and these lines meet Q(4, q) in an ovoid.
Proof. Consider a plane π, π ∩ K = {s 0 , . . . , s n }, n > 0. Necessarily n √ q and all points of π ∩ K lie on a line L. Consider s ∈ π \ L. By Lemma 11, |T s (Q(6, q)) ∩ K| q 2 + q, and s does not project the points of T s (Q(6, q)) ∩ K on an ovoid. As explained before, s projects these points on a blocking set B of Q(4, q) such that the multiple lines form a sum of pencils. Consider such a pencil of Q(4, q) represented by the point p. The q + 1 lines of the pencil are the projections of q + 1 lines M 1 , . . . , M q+1 of Q(6, q), all containing at least √ q + 1 points of K and intersecting the line s, p . Consider the point
If we now project from p ; then there are at most q 2 + q − √ q and at least 
. This implies that all planes on p contain at least √ q + 1 collinear points of K. If one of these lines does not pass through p , then by Lemma 11, |T p (Q(6, q)) ∩ K| q 2 + q, a contradiction, so all these lines pass through p and contain at least √ q + 1 points of K. Hence every plane on p contains exactly one line on p which contains at least √ q + 1 points of K, which implies that p projects these lines on an ovoid of Q(4, q).
Using Lemma 3 we will now increase the number of points on secants.
Lemma 14 If a line L contains more than one point of K, it contains at least (q + 10)/6 points of K.
Proof. Consider a plane π on L. As in Lemma 9, we count the number of pairs (u, v), u ∈ π \ L and v ∈ K \ π and u ∈ T v (Q(6, q)). Suppose now that |L ∩ K| < (q + 10)/6. A point u projects the points of T u (Q(6, q))∩K on a blocking set B of size q 2 +1+r satisfying the conditions of Lemma 3, so r (q + 4)/6, so q 2 + 1 + (q + 4)/6 |T u (Q(6, q)) ∩ K| q 2 + q. As in Lemma 9, the hypothesis |L ∩ K| < (q + 10)/6 leads to a contradiction.
Considering a secant L to K (a line of Q(6, q) containing more than one point of K) and a point s ∈ π \ L we found the point p lying on q 2 + 1 secants to K. Since these arguments hold for every secant and considering the previous lemma we have Corollary 2 Every secant L contains at least (q + 10)/6 points of K and every secant L has a point not in K lying on q 2 + 1 secants to K.
Finally we can prove the main theorem.
Theorem 6 Let K be a minimal blocking set of Q(6, q), |K| q 3 + q, q even, q 32. Then there is a point p ∈ Q(6, q) \ K with the following property: T p (Q(6, q)) ∩ Q(6, q) = pQ(4, q) and K consists of all the points of the lines L on p meeting Q(4, q) in an ovoid O, minus the point p itself; |K| = q 3 + q.
Proof. By Lemma 13 and Corollary 2, there is a point p ∈ K such that there are q 2 + 1 lines on p each containing at least (q + 10)/6 points of K. Consider p and a secant L on p such that |L ∩ K| is minimal. Denote |L ∩ K| = s (then s (q + 10)/6). Consider a plane π on L. By Lemma 12, |T u (Q(6, q)) ∩ K| q 2 + q for each u ∈ π \ L, and u projects the points of T u (Q(6, q)) ∩ K on a minimal blocking set B of Q(4, q). As explained after Lemma 12, |B| q 2 + 1 + (q + 4)/6, the excess of a multiple line is at least (q + 4)/6 and the multiple lines form a sum of pencils with the sum of the weights of the pencils equal to r; with |B| = q 2 + 1 + r. Now count as in Lemma 9 the pairs (u, v) with u ∈ π \ L and v ∈ K \ π and u ∈ T v (Q (6, q) ). If we suppose that |T u (Q(6, q)) ∩ K| > q 2 + s for all points u ∈ π \ L, we obtain the inequality q 4 + q 2 −2 (q 2 + 1), a contradiction. So we find a point u such that |T u (Q(6, q)) ∩ K| q 2 + s. Equality is needed since the multiple lines of the projection form a sum of pencils and the sum of the weights of the pencils is equal to r, with |B| = q 2 + 1 + r, and B the projected blocking set. Since s − 1 is the minimal weight of the secants to K, there is at least one pencil with weight s − 1, the sum of the weights is at least s − 1, but |T u (Q(6, q)) ∩ K| q 2 + s, so |B| q 2 + 1 + (s − 1), and there is exactly one pencil of weight s − 1, all multiple lines have excess s − 1 and |B| = q 2 + 1 + (s − 1). By the dual of Lemma 4 and the dual of Lemma 5, s − 1 = q − 2 or s − 1 = q − 1. Hence the minimal number of points on a secant line on p is q − 1 or q. Suppose that s − 1 = q − 2. So far we have q 2 + 1 lines L 0 , . . . , L q 2 on p containing at least q − 1 points, and |T p (Q(6, q)) ∩ K| (q 2 + 1)(q − 1). Consider a point p = p, p ∈ L \ K. There are at least q 2 points of K necessary to block the q 2 (q + 1) planes on p not on p, hence |T p (Q(6, q)) ∩ K| q 3 + q − q 2 = (q 2 + 1)(q − 1) + 1 and all multiple lines on p, except maybe one, contain exactly q − 1 points of K. The q 2 (+1) points of K \ T p (Q(6, q)) lie in each T u (Q(6, q)), u = p, u ∈ K and u lying on a secant to K on p. No two of these q 2 (+1) points are collinear on Q(6, q), otherwise they are on a secant not on p containing at least q − 1 points of K, this secant lies in a cone containing at least (q 2 + 1)(q − 1) points of K, which is not possible since |T p (Q(6, q)) ∩ K| (q 2 + 1)(q − 1). By Lemma 10, a plane cannot contain two secants to K, hence p projects the points of T p (Q(6, q)) ∩ K on an ovoid of Q(4, q). This also implies that two points u and u , u = p = u , each lying on a secant on p, cannot be collinear on Q(6, q). Select q + 2 points u 1 , . . . , u q+2 , each lying on a secant to K on p, u i ∈ K. These points define at least a 3-dimensional space. In the intersection
T ui (Q(6, q)) lie at least q 2 − q − 1 points of K \ T p (Q(6, q)). Hence these q 2 − q − 1 points of K \ T p (Q(6, q)) lie in the intersection of tangent hyperplanes on q + 2 non-collinear points of Q(6, q) and are two by two non-collinear. The smallest space which can contain q 2 − q − 1 such points is a 3-space. Since they lie in the intersection of q + 2 tangent hyperplanes on non-collinear points of Q(6, q), they lie in a 3-space necessarily intersecting Q(6, q) in an elliptic quadric. Since the 3-space containing this quadric is the intersection of tangent hyperplanes, this 3-space contains the nucleus of Q(6, q), a contradiction since an elliptic quadric does not have a nucleus. The hypothesis s − 1 = q − 2 leads us to a contradiction and s − 1 = q − 1. Hence there are q 2 + 1 lines on p containing q points of K, |K| = q 3 + q and p projects the points of T p (Q(6, q)) ∩ K on an ovoid of Q(4, q).
Since all ovoids of PG(3, 32) have been classified by O'Keefe, Penttila and Royle [7] , we have a complete characterization of the smallest blocking sets of Q(6, 32). Namely, the only ovoids of PG (3, 32) are the elliptic quadric and the Tits-ovoid. Since Q(4, q), q even, is isomorphic to the GQ W 3 (q), q even, and since, by a result of Thas [9] , a set K is an ovoid of PG(3, q), q even, if and only if it is an ovoid of W 3 (q), q even, the classification of the ovoids of Q(4, 32) is obtained.
Theorem 7 Let q = 32. Let K be a minimal blocking set of Q(6, q), |K| q 3 + q. Then there is a point p ∈ Q(6, q) \ K with the following property: T p (Q(6, q)) ∩ Q(6, q) = pQ(4, q) and K consists of all the points of the lines L on p meeting Q(4, q) in an elliptic quadric or a Tits-ovoid O, minus the point p itself; |K| = q 3 + q.
